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ABSTRACT: To estimate the population, mean in two-phase stratified sampling, this paper aims to construct 
a new product in the product type estimator using exponential and log functions. When using two samples 
for stratification, this study attempts to solve the equation for bias and mean squared error (MSE) up to the 
first degree of approximation (fda). The modified estimator is more effective than 
y‾ds (the usual unbiased estimator , Y‾̂PPds (Ige & Tripathi ratio estimator) and 
ŶPPe (ratio type exponential estimator)  given by theoretically and numerically. Finding out how the proposed 
estimators stack up against the state-of-the-art is the main motivation for this research. Extensive evaluation 
of the estimator's performance in a simulated environment. The suggested estimators perform better than 
other estimators, according to both theoretical and practical studies. 

KEYWORDS: Finite population mean, Bias, Mean Squared Error, Double sampling for stratification 
(DSS)

1. Introduction 

Survey research and statistical inference have both 
seen a rise in the use of double sampling due to its 
efficiency and adaptability. Double sampling provides a 
potent method for enhancing the precision and 
dependability of population estimates within the 
framework of stratified sampling. Researchers may take 
advantage of stratification while addressing any 
constraints and uncertainties via twofold sampling, 
which involves two consecutive samples. 

Stratified sampling is a popular technique that 
divides a population into several subgroups, or strata, 
that have common traits. Although stratification may 
improve the accuracy of estimates, it often necessitates 
knowing the strata's sizes, means, and variances in 
advance. However, such data may be scarce, inaccurate, 
or unavailable in many real-world contexts.  

One practical way to address these issues is through 
double sampling. Sizes, means, and variances of the strata 
may be gleaned from an initial sample, sometimes called 
a preliminary or first-phase sample. Next, the second-
phase or primary sample is designed and selected using 
this information. It is usually optimized for efficiency and 
accuracy.  

Multiple benefits accrue from combining stratification 
with double sampling, such as: 

• Enhanced precision and consistency in population 
estimations 

• Improvements in the accuracy of stratum variance 
and mean estimations 

• Greater adaptability when faced with unknown or 
sparse background data 

• An improvement in the treatment of missing and 
non-response data 

Researchers may create more solid statistical conclusions 
by combining the benefits of stratification and double 
sampling to create more effective sample designs.                  

 Steps for Double Sampling in Stratification 

• Get the ball rolling by surveying a small starting 
sample with a preliminary survey. Sizes, means, and 
variances of the strata are elicited from this sample. 

• Sort people into different groups or strata according 
to important factors like age, gender, wealth, or 
where they live; this process is called stratification. 

• Parameter Estimation for the Stratum: Utilise the 
sample's initial data to calculate the stratum's sizes, 
variances, and means. 

• Optimizing the Allocation of the Second-Phase 
Sample: Use the estimated stratum characteristics to 

1 

http://www.jenrs.com/
https://doi.org/10.55708/js0402002
mailto:Sangeetastat@gmail.com
mailto:rubalsharma1995@gmail.com
mailto:ruchigupta5989@gmail.com
mailto:Sangeetastat@gmail.com


 S. Malik et al., Product in Product Type Estimator with Exponential 

www.jenrs.com                        Journal of Engineering Research and Sciences, 4(2): 11-17, 2025                                            12 

achieve this goal. To reduce the estimator's total 
variance, finding the ideal sample size for each 
stratum is necessary. 

• Phase Two Sampling: Gather the phase two sample 
using the optimized sample allocation. This sample is 
usually more significant than the preliminary one to 
get more accurate estimations. 

• Analyse and estimate population metrics like totals, 
proportions, and averages using the pooled data from 
both stages. Draw conclusions and judgments about 
the population from the data by analyzing it. 

Advantages of Double Sampling in Stratification 

• One advantage is that it improves accuracy. Since 
sample mistakes are reduced with double sampling, 
estimates of population parameters are more 
accurately reflected. 

• Second, it's more efficient to use a smaller sample size 
to get the same level of accuracy when using double 
sampling since it optimizes sample allocation. 

• Improving Uncertainty Handling: Double sampling 
offers a solution for dealing with population-level 
Uncertainty and limited historical data. 

• Versatility: Double sampling may be used for various 
populations and sample strategies. 

•  Cost-Effectiveness: Compared to conventional 
sampling techniques, double sampling may save 
money by lowering the needed sample size 

1.1. Real-Life Applications of Double Sampling in 
Stratification 

Estimating market size, consumer preferences, and 
purchasing behavior may be achieved via double 
sampling. Using a double-sample design, it is possible to 
estimate demographic variables, including income, 
education level, and health outcomes; estimates of 
agricultural revenue, animal numbers, and crop yields 
may all be made using double sampling. Environmental 
characteristics, including water and air quality, may be 
estimated via double sampling. The incidence, prevalence, 
and risk factors of diseases may be estimated via double-
sampling.  

Sometimes, the means of auxiliary variate is not 
known. Under this situation, a DS technique is used. 
According to this technique, a significant sample is 
considered to estimate population mean X� . A subsample 
of assumed size is regarded from the population. In [1], 
the authors developed estimators for memory type ratios 
and products using ranked-based sampling methods. In 
[2], the authors created exponential estimators for ratios 
and products. In [3], the researchers worked on the 
method for estimating the yield of cereal experiments is 
to sample for the grain-to-total-product ratio. In [4], the 
authors defined an updated stratified random sample 
estimator that incorporates two more variables. In [5], the 

researchers defined a unique Exponential Strategy for the 
Ratio in Ratio Type Used to Estimate the Mean of a 
Population. In [6], the authors worked on using 
supplementary data and doubling for stratification. In [7], 
the authors devloped a estimation of ratios using 
stratified random sampling models. Similarly [8] gives 
their work on estimators of the regression type that use 
the model of double sampling and two auxiliary variables. 
In [9], the authors defined using stratified random 
sampling to estimate a ratio product. In [10], the 
researchers defined a Using the parameters of the 
auxiliary variables in double sampling, chain ratio type 
estimators. In [11,12], the authors defined a generic class 
of stratified weighted population variance estimators that 
are robust against non-sampling errors. In [13], the 
authors worked on assessment of the distribution 
function using calibration techniques. Similarly [14] 
allows for more accurate ratio estimates when using 
stratified sampling. In [15], the authors developed a new 
exponential estimator of finite population mean in 
stratigraphy using ratio-ratio-type data collected from 
two samples. In [16], the researchers defined Estimator of 
limited population mean in stratigraphy using product-
product-type exponential sampling with two samples. In 
[17], a work on assessment of the distribution functions of 
a population when non-response is present. In [18], 
authors defined an mean estimators in stratified two-
phase sample using exponential ratio and product type.  

1.2. Notations 

Let the population  T   of M   size such that T =
[T1, T2, T3, … , TM]. From this population T 

• A 1st  phase n′ sized sample S is drawn using 
SRSWOR and only auxiliary variate x is observed. 

• The S ′ sample that is stratified into N strata. Let  nk′  be 
the no. of units in kth stratum such that n′ = ∑  N

k=1 nk′  

• From each nk′  units, nk = uknk′  sized sample   is drawn, 
where (0 < uk < 1)  is defined as  probability of 
selecting a nk sized sample which is  predetermined 
from nk′   sized strata and it considered as a S sample 
of size n = ∑  N

k=1 nk. In S both y & x are observed. Let 
y & x be defined as study vairate and auxiliary vairate 
respectively.  

Where k= 1,2, … , N 

1.3. Reviewing some previously exist Estimators 

By considering study variable as y and auxiliary variables 
as x and z  

X‾ =
1
N
� 
N

k=1

�  
Mk

h=1

xkh,  Y‾ =
1
M
� 
N

k=1

�  
Mk

h=1

ykh,  Z‾ =
1
M
� 
N

k=1

�  
Mk

h=1

zkh 
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X‾ , Y‾and Z‾  are defined as population mean of x, y  and z 
respectively.  

In DSS  scheme, the usual unbiased estimator that is 
defined by 

y‾ds = � 
N

k=1

 wky‾k (1) 

Given by Cochran, classical ratio type estimator that  was 
studied with DSS technique by Ige and Tripathi as 

Y‾̂PPds = y‾ds
x‾ ′

x‾ds
(2) 

where x‾ds = ∑k=1
N  wkx‾k and y‾ue = ∑k=1

N  wky‾k based on 2nd 
phase sample are unbiased estimators of X‾  and Y‾  
respectively.  

By Bahl and Tuteja Ratio-type-exponential estimator of Y‾ , 
were given in SRS as 

ŶPPe = y‾ exp
(X‾ − x‾)
(X‾ + x‾)

(3) 

This estimator was studied in 2014 by Tailor and others in 
DSS technique as 

Y‾̂PPeds = y‾ue exp
(x‾ ′ − x‾ds)
(x‾ ′ + x‾ds)

(4) 

where x‾ ′ = ∑k=1
nk  wkx‾k′  is an unbiased estimator for X‾  

based on the  1st phase sample. 

2. Suggested Novel Estimator 

Inspired by Kiregyera a novel product in product-
typed estimator with exponential and log function for 
finite population means is created with the use of DSS 
approach using known population means of the 2nd 
auxiliary variable z , as 

ŶPPSds = y‾ds  

⎣
⎢
⎢
⎡
exp�

x‾ds  �Z‾
z‾′� − x‾ ′

x‾ ′ �Z‾
z‾′� + x‾ds

� + log

⎝

⎛
x‾ ′ �Z‾

z‾′�
α1

x‾ds �
Z‾
z‾′�

α2

⎠

⎞

⎦
⎥
⎥
⎤
    (5)

 

 

α1,α2 are positive reals. 

where z‾′ = ∑k=1
nk  wkz‾k′  is defined as an unbiased estimator 

of Z‾  on the bases of 1st sample phase. 

The bias & MSE of the suggested novel estimator that can 
be obtained by considering 
y‾ue = Y‾(1 + eo),  x‾ds = X‾(1 + e1),  x‾ ′ = X‾(1 + e1′ ) and  z‾′ =
Z‾(1 + e2′ )  such that E(eo) = E(e1) = E(e1′ ) = E(e2′ ) = 0 
and 

E(e02) =
1

Y‾ 2
�Sy2

(1 − f)
n′

+
1
n′
�  
N

k=1

 WkSyk2 �
1

uk
− 1��

E(e1′2) =
1

X‾ 2
Sx2 �

1 − f
n′

�

 

E(e12) =
1

X‾ 2
�Sx2 �

1 − f
n′

� +
1
n′
�  
N

k=1

 WkSxk2 �
1

uk
− 1��

E(e2′2) =
1

Z‾ 2
Sz2

(1 − f)
n′

E(e0e1) =
1

Y‾X‾
�
1 − f

n′
Syx +

1
n′
�  
N

k=1

 WkSyxk �
1

uk
− 1��

E(e1e1′ ) =
1

X‾ 2
Sx2 �

1 − f
n′

�

E(e0e1′ ) =
1

Y‾X‾
(1 − f)

n′
Syx,  E(e0e2′ ) =

1
Y‾Z‾

(1 − f)
n′

Syz

E(e1e2′ ) =
1

X‾Z‾
�

1 − f
n′

� Sxz,  E(e1′ e2′ ) =
1

X‾Z‾
�

1 − f
n′

� Sxz

 

where, 

f =
n′

M
,  Sx2 =

1
M − 1

� 
N

k=1

 �  
Mk

h=1

 (xkh − X‾ k)2

Sy2 =
1

M − 1
� 
N

k=1

 �  
Mk

h=1

 (ykh − Y‾k)2

Sz2 =
1

M − 1
� 
N

k=1

 �  
Mk

h=1

 (zkh − Z‾k)2

Sxk2  =
1

Mk − 1
� 
Mk

h=1

 (xkh − X‾ k)2

Syk2  =
1

Mk − 1
� 
Mk

h=1

 (ykh − Y‾k)2

Szk2  =
1

Mk − 1
� 
Mk

h=1

 (zkh − Z‾k)2

 

Syx =
1

M − 1
� 
N

k=1

 �  
Mk

h=1

 (ykh − Y‾k)(xkh − X‾ k)

Syz =
1

M − 1
� 
N

k=1

 �  
Mk

h=1

 (ykh − Y‾k)(zkh − Z‾k)

Sxz =
1

M − 1
� 
N

k=1

 �  
Mk

h=1

 (xkh − X‾ k)(zkh − Z‾k)

 

By putting the above values in (5), Y‾̂PPSds  have expressed 
as

ŶPPSds − Y‾ =Y‾

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1
2

(2e0 − e1′ − e2′ + e1) + (α2 − α1)e2′ − e1 + e1′ +

1
8
�3e2′2 − e12 − e1′2 + 4 e0e1 − 4 e0e1′ − 4 e0e2′ −

2 e1e1′ − 2 e1e2′ + 2 e1′ e2′  � +

⎝

⎛

1
2

((α2 − α1 − 1) + (α2 − α1)2)

e2′2 − (α2 − α1) e1e2′ −
1
2

e12 − (α2 − α1)e1e2′

+(α2 − α1)e0e2′ − e0e1 + e0e1′ + e12 ⎠

⎞

           (6) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤
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 Finally, upto fda B( Y‾̂RRSds ) is obtained as 

B�ŶPPSds �  = �
1
n′
�  
N

k=1

Wk �1 −
1

uk
�

1
X‾
�

1
2

Syxk +
5
8

R1Sxk2 �

+ �
1 − f

n′
� ��

(α2 − α1)
Z�

�Syz −
1
2

R2Sz2��

+ �
5
8

R2Sz2 −
1
2

Syz���                           (7) 

Square and expectation of (6) provides MSE ŶPPSds  as 

 E�ŶPPSds − Y‾�2 = Y‾̂ 2E �2e0−e1
′ −e2′ +e1
2

+ (α2 − α1)e2′ − e1 + e1′ �
2
 

MSE�ŶPPSds � =
1
4

Y‾ 2E�4e02 + e1′2

+ �(α2 − α1)(4α2 − 4α1 − 1) + 1�e2′2 + e12

+ 4e0e1′ + �4(2α2 − 2α1 − 1)�e0e2′

− 4e0e1 − �2(2α2 − 2α1 − 1)�e1′ e2′

− 6e1e1′ − �2(2α2 − 2α1 − 1)�e0e2′ ] 

MSE �ŶPPSds � =
Y‾ 2

4

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

4
Y‾ 2

⎩
⎪
⎨

⎪
⎧ �

1 − f
n′ � �Sy2� +

1
n′
�  
N

k=1

Wk �
1

uk
− 1� Syk2

. ⎭
⎪
⎬

⎪
⎫

+�(α2 − α1)(4α2 − 4α1 − 1) + 1�
1

Z‾ 2
Sz2 �

1 − f
n′ �

+
8

X‾ 2
Sx2 �

1 − f
n′ � +

�4(2α2 − 2α1 − 1)�
Y‾Z‾

�
1 − f

n′ �

Syz

−
8(α2 − α1)

X‾Z‾
�

1 − f
n′

� Sxz

−
4

Y‾X‾

⎩
⎪
⎨

⎪
⎧ �

1 − f
n′ � Syx +

1
n′
�  
N

k=1

Wk �
1

uk
− 1� Syxk

⎭
⎪
⎬

⎪
⎫

+
4

X‾Y‾
�

1 − f
n′

� Sxy

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 finally, fda, MSE of ŶPPSds  is obtained as 

MSE�ŶPPSds �

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

⎩
⎪⎪
⎪
⎨

⎪⎪
⎪
⎧

�
1 − f

n′ �

⎝

⎜⎜
⎛

1
4 �

(α2 − α1)(4α2 − 4α1 − 1) + 1�R2
2Sz2

+2R1
2Sx2

+4(2α2 − 2α1 − 1)R2Syz + Sy2 +
8(α2 − α1)R1R2Sxz ⎠

⎟⎟
⎞

+
1
n′�  

N

k=1

Wk �
1

uk
− 1� �Syk2 − R1Syxk�

⎭
⎪⎪
⎪
⎬

⎪⎪
⎪
⎫

            (8)  

3. Comparisons of Estimators 

Here, the suggested novel estimator is being compared 
with previously exist estimators w.r.t their efficiencies. 

In DSS, the var(y‾ds), MSE of  author and Ige & Tripathi  
estimator are respectively given by 

V(y‾ds) = Sy2 �
1 − f

n′
� +

1
n′
�  
N

k=1

 WkSyk2 �
1

uk
− 1�                (9)

MSE �Y‾̂PPds� = Sy2 �
1 − f

n′
� +

1
n′
�  
N

k=1

 Wk �
1

uk
− 1�

                         × �Syk2 + R1
2Sxk2 − 2R1Syxk�                          (10)

MSE �Y‾̂PPeds � = Sy2 �
1 − f

n′
� +

1
n′
�  
N

k=1

 Wk �
1

uk
− 1� 

                         × �Syk2 +
R1
2

4
�Sxk2 −

Syxk
R1

��                          (11)

 

By comparing (8), (9), (10) and (11) one can easily found 
that the suggested novel estimator named as  ŶPPSds  is 
better w.r.t. efficiency comparison then 
(i) y‾ds if 

�
1 − f

n′
� �

1
4
�(α2 − α1)(4α2 − 4α1 − 1) + 1�R2

2Sz2 + 2R1
2Sx2

+4(2α2 − 2α1 − 1)R2Syz + 8(α2 − α1)R1R2Sxz
�

< � 
N

k=1

Wk �
1

uk
− 1� �R1Syxk�

                                                                                                   (12)

 

(ii) Ige-Tripathi estimatorY‾̂PPds if 

�
1 − f

n′
� �

1
4
�(α2 − α1)(4α2 − 4α1 − 1) + 1�R2

2Sz2 + 2R1
2Sx2

+4(2α2 − 2α1 − 1)R2Syz + 8(α2 − α1)R1R2Sxz
�

< � 
N

k=1

Wk �
1

uk
− 1� �R1Syxk − R1

2Sxk2 �                            (13)

 

(iii) Estimator Y‾̂PPeds  if 

�
1 − f

n′
� �

1
4
�(α2 − α1)(4α2 − 4α1 − 1) + 1�R2

2Sz2 + 2R1
2Sx2

+4(2α2 − 2α1 − 1)R2Syz + 8(α2 − α1)R1R2Sxz
�

< � 
N

k=1

Wk �1 −
1

uk
� �

1
4

R1
2Sxk2 +

5
4

R1Syxk�                             (14)

 

 

4. Empirical Study 

Here, one natural data of population is considered for 
the purpose to check performance of the suggested 
estimator by comparing it with considered estimators 
with the help of case study with different value of α1 and 
α2. 

4.1. Population I [Source: Murthy (1967),p.228] 

Y :   As Outcome,  
X :  As Fixed capital and 
Z:   As No. of workers, 
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Table 1: Parameters for Stratified Sampling Analysis 

Parameter Strata (I) Strata (II) Parameter Strata (I) Strata (II) 
Nh 5 5 Syzh 15.85 56.05 

nh 2 2 Sxzh 60.45 10.85 

nh′  4 4 Rh 0.1266 0.0216 
Y‾h 3394.6 3590.2 Sy2 5749.9 
X‾ h 410.2 474.4 Sz2 22.98  
Z‾h 71.2 80 Sx2 637.77  
Syh 68.79 90.582 Syz 31.968  
Sxh 26.864 26.708 Syx 1023.2  
Szh 2.3875 6.782 Sxz 31.689  
Syxh 49.85 2252.41  

Table 2: PREs of y‾ds, Y‾̂PPds, Y‾̂PPeds  and ŶPPSds with respect to y‾ds 

Estimators PRE’s 

(u1, u2,α1,α2)=(0.5,0.5,3,4) (u1, u2,α1,α2)=(0.6,0.5,2,3) (u1, u2,α1,α2)=(0.6,0.55,4,5) 

y‾ds 100.00 100.00 100.00 

Y‾̂PPds 102.59 102.2978 102.461 

Y‾̂PPeds      58 93.6244 86.5857 

ŶPPSds  108.3275 123.1179 114.184 

Table 3: Numerical values of MSE given in (12), (13) and (14) 

Estimators Population 

(u1, u2,α1,α2)=(0.5,0.5,3,4) (u1, u2,α1,α2)=(0.2,0.4,2,3) (u1, u2,α1,α2)=(0.4,0.6,4,5) 

MSE �ŶPPSds � < MSE (y‾ds) 1277.2077 < 1383.56 1043.7134 < 1284.9826 1043.7012 < 1191.74188 

MSE �ŶPPSds � < MSE �y‾PPds� 1277.2077 < 1348.57 1043.7134 < 1250.0089 1043.7012 < 1163.119 

MSE �ŶPPSds � < MSE �Y‾̂PPeds � 1277.2077 < 2346.225 1043.7134 < 1372.4869 1043.7012 < 1376.3719 

 
Figure 1: Graphical representations of PRE 

5. Conclusions 

In this article, the product in product typed estimator 
with exponential and log function for the population-

mean is developed. Since ratio typed estimator 
outperforms the simple mean estimator, we have 
substituted the sample mean derived from 1st  phase 
sample with a ratio estimator that makes the use of the 
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known Z‾ . Section (4) presents empirical examples that 
support the previously stated notion that was used to 
build ŶPPSds . Table (2) shows that out of all the estimators 
that were investigated, estimator ŶPPSds  had the highest 
percent relative efficiency. The conditions under which 
ŶPPSds  have a lower MSE are shown in Table (3). The best 
per cent relative efficiency of ŶPPSds  is shown in Table (2) 
and figure 1 represents the graphical explanations for 
each estimator and shows the results are best for 
suggested estimators. All the requirements acquired in 
Section (3) are met, as shown in Table (3). Thus, if the 
conditions which are given in Section (3) are satisfied, 
ŶPPSds  is recommended for practical use because of its 
higher precent relative efficiency comparatively  in the 
field as an alternative to the 
y‾ds (the usual unbiased estimator) , Y‾̂PPds  (Ige & Tripathi 
ratio estimator) and 
ŶPPe (ratio type exponential estimator)  given by Tailor  in 
the case of the DSS technique. 
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