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ABSTRACT: The derivation of the transfer function of the output filter of the electromagnetic

compatibility of the inverter, loaded by RL-branch, proposed, which differs by taking into account the

presence of resistances in the longitudinal and transverse branches of the L-shaped filter. The form of

recording the voltage transfer function of an electrical transformer loaded by RL branch presented. A

method for deriving the transfer function from the equations of the mathematical model of a single-

phase two-winding transformer proposed. The transfer function derivation has made on T-shaped

equivalent circuit of transformer basis, and takes into account the presence of resistance in the

transformer windings, the winding connection group. To author’s opinion, results can be useful in the

design of control systems and their mathematical models for electrical complexes, which include a sine-

wave filter or a dv/dt filter and transformer.
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1. Introduction

A sine-wave filter (SF) is one of the common options
for the output filter of the electromagnetic compatibility
(EMC) of an inverter with pulse-width modulation of
voltage [1-4]. The SF performs the
approximation of the form of the output voltage of the

maximum

inverter to a sinusoid, minimizing the value of the THDu,
%. The task of the dv/dt filters is to reduce the rate of
change of the pulsed voltage (smoothing, collapse of the
pulse fronts) often to a level of less than 500 V/us. In this
case, the shape of the voltage on the load remains pulsed.

Electrical transformers [5-8] are very common and
important elements in electrical systems and complexes,
power management, automation. Even more common
devices than EMC filters. An effective research tool in
these areas is mathematical modeling, which requires the
representation of data about an object in special formats.
For example, to select the type of controller in an
automatic control system, it is necessary to know the
transfer function of the regulated object. The latter may

include a transformer. Therefore, it is advisable to know
the transfer function of the transformer.

The author could not find a record of transfer functions
in the form of interest to him in publications, so he decided
to derive them on his own.

L load

Figure 1: Schematic diagram of the L-shaped filter

2. Schematic Diagram of the L-Shaped Filter

Each phase of an SF or dv/dt filter is an L-shaped filter
with inductance L in the longitudinal branch and
capacitance C in the transverse (see Figure 1). Strictly
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speaking, one should take into account the presence of the
resistance of the inductive reactor in the longitudinal

branch, including the resistance r, in series with L. In
the transverse branch, in series with C, in some cases, a
damping resistor 7, is included. When used in an AC
variable frequency drive, the SF or dv/dt filter is loaded
on an active-inductive load, which can be represented by

a series connection 7, , and L,

loa oad *

3. L-Shaped Filter's Transfer Function Derivation

To build control systems for electrical complexes
containing an SF or dv/dt filter, you need to know the
transfer function (TF) of the latter. Let us write down in
the Laplace s-domain form the equations of the electrical
circuit shown in the Fig. 1, using Kirchhoff's laws.

i,(8) =1c(8) + i1 (5) 5 (1)
u,(s)=i (s)(L+r ] 2
28) =1 C.s ¢ (2)

Z/l2 (S) = i[oad (S) (Lload S+ r}oad ) ’ (3)

w($)—u,(s)

ey 4
(=1 @

Express i.(s) from equation (2):
o () =— ) 5)

—+r
C-s

Taking into account equation (5), we express from

equation (1) i, (s), and from equation (3) we express

iload (S) :

CAC)
1

— 47
C.s ¢

U, (s)

+ iload (S) ; (6)

@)

iload (S ) =

u, () i, (s)

i(s)= - =
L + r Lload S+ rload
C-s
| | 8)
= u2 (S) 1 +
-+ l" Lload S+ rload
C-s

Let us equate the right parts of expressions (8) and (4),
group the factors at the input and output voltages.

U, (s) 1 + 1 + 1 =
? 1 Lyt S+Ha L-s+r
7+r oau oa . (9)
C-s
=u, (s
(>L S+r,

Then we can write the filter’s TF by voltage as

Uy(s) _

H(s)= 0 5)

= .(10)

(L-s+r,) ] L, 1 +1
74_}/ Lload.S—I—’/}oad
C-s

If we check, assuming 7. =7, =L, , =0 asin [9],

then expression (10) will turn into the well-known

equality (such a check can be performed at any stage of
the transformation of the filter’s TF):

H(s)= 1 . (11)

SZ'L-C+L-S+1

noad

Continuing the transformation of expression (10), we
obtain a record of the TF, in which the parameters of the
branches of the electrical circuit grouped in such a way
that they can be denoted as time constants and resonant

. ' f :

Lload S+ rload requency

Substituting equation (7) into (6), we obtain
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L L
1 C load . g2 4 (’”"d + rCCj s+1
H(S) — r}oad rload
LC luad +
v

load

L
+C{L(l+rcj+"’“d(q +rc)} 57+
rload noad

L L
By e | 14T +7, s+
r}aud r}aud }/}aud

-
L 41

noad

+

C lr)ad S + T +T;oad) S+1

l"”"- {1 1+— +];ad(TC+rLC):|.S2+

® noad

L r r
+{+de+VLC+TC L s+ —L—+1
r}oad r}oad rload

then

(12)

If we accept v, =7, =0, and L ,#0,

expression (12) can be transformed in this particular case
to the form

L
load 'S+1
1
H(S)= L load
L-C-Tlad . 4 C-L-s* +
r[oad
— - . (13)
+
4———teed g+
’?oad
— T;oad"s-i_l
E{)ad 3 S2 L
st — | —+ T, st
('00 0‘)0 noad

In some cases, the value of r, at r. # 0 and

L. # 0 canbe neglected, then expression (12) will take

the form

H(s)=

3
[OL;d .90+
(DO

TC'T;oad.Sz—i_(TC_i_];oad).S—i_l ‘
1 L ,

H st T+ T Ty |87+
©y load

(14)

+ L+T + T |5+1

load

4. Transformer’s Transfer Function Derivation

For the synthesis of transformer’s TF, we take as a
basis the equations of the mathematical model of a single-
phase two-winding transformer [8], assuming that the
conclusions obtained will be valid for each phase of multi-
phase transformers.

. di
Vi —hh Lcsl_l_ 01
dt , (15)
e, — i, =V,
where:
di
e =—|vy,+L,— |; (16)
dt
_(w di
e, =F| v, +L,—=|. (17)
w, dt

EMF of the magnetizing branch of the primary

winding v, :

(18)

On the right side of equation (17), for the I/I-0
select the “+” sign (consonant
connection of inductances), and for I/I-6, the sign
(opposite connection). In expressions (16) - (18) the
following designations are accepted: v and e - voltage
and EMF, V; i — current, A; L  and L,
inductance of the winding and total inductance of the
primary winding from the main magnetic flux, H; » and

connection group,

“u oy

— leakage

r, - resistances of the winding and of the iron losses,

Ohm; w is the number of winding turns. Indices 1
indicate belonging to the primary winding of the
transformer, and indices 2 - to the secondary one; the p

index at current means belonging to the magnetization
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branch of the T-shaped equivalent circuit (expression (18)
is written for the case of 7, and L, series connection).
For the smallness of the active component of the
magnetizing current of the transformer, we will take the

assumption 7, =0 for further transformations.

Let us rewrite system (15) taking into account (17) and
(18) equations for the clock-notation group 1/I-0:

. di
vl_rlll_Lol?;:
&L ﬂ+&% +L % —
wo "\dt ow, odt ) P dt
—hi, =V,

To shorten the notation, we introduce the following
designations:

L=L +L,; (20)
W2

L, Zw—i'Lm“Lch- (1)
1

Using (20) and (21) equations, we rewrite equation
(19):

. dii w di
v=ni+L —L+—=2L[ —=

d w "dt )
. di, w, di
0=ni, —sz—ij?;ﬂ;Z

1

We write equation (8) in the Laplace s-domain form

v(s)=ri(s)+L -s-i(s)+

W. .
+—2-L -s5-0,(5);
Wl

. (23)
0=ri,(s)—L, s-i,(s)—

g s (s) + vy (9)
Wl

Let the load connected to the terminals of the
secondary winding of the transformer, that is, to v,(p)

voltage, be represented by a series connection of 7, , and

L, .. - Then the current in the secondary winding can be

expressed as

v, ($)

’/}oad + Lload S

i,(s) = (24)

Let us rewrite the second equation of system (23)
taking into account (24)

. L,-s
0 :( 2 - 2 +1jx
l/}uad +Lload S r}oad +Lload S

xw(s)—%Lm 5-iy(s)
1

(25)

Let us express ,(s) from the first equation of system

(23) taking into account equation (24).

&-Lm -5V, (8)

v,(s) B w,

7’i+L1'S (’1+LI'S)(”load+Lload.S)

i\(5) = . 26)

Let us rewrite equation (25) taking into account
equation (26) and perform some transformations:

w.
VI(S)VZ‘L’" ‘S(r}oad +Lload ‘S) =
1

:vz(S)'{rl (r}oad +r2)+

@)
+|:r1 (Lload _L2)+L1 (rhmd +r2)]'s+

P
w
> 2| 2
+L-Ly,—L-L+—L, ]S }
W

We express from equation (27) the voltage TF of the
transformer.
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VvV, \S
W(s)= 2( ):
v (s)
ﬁ. Lm.’/}oad .5 l_I_Lload.S
— Wl rl.(rlaad—i_’a) r[oad
L —L L
1+ M.i_il .S+
r}()ad+r2 rl
W2 B
2 2
Ll'(Lload_LZ)—i_iZ'Lm
+ : -5
7"1 (rlaad+r2)
&. Lm.’?oad s+
— WI ’1 .(’/}oad +r2)
1+ Lload _LZ +£ s+ (28)
rload+r2 rl ’
&_ Lm.Lload 'S2
Wl }/i'(l/}oad+r2)
2
WZ 2
Ll'(Lload_L2)+72'Lm
Wl 2
+ X
ri.(r}oad_'_rZ)

We can write equation (28) in the form

_As+A4-T,,-s

Wi(s)= =
() 1+B-s+C-s’ 29)
_As (14T, 5) '
 1+B-s+C-s
where is the load time constant
L
T;aad = toad . (30)

load

For the I/I-0 connection group the difference in
simulation results must be only as inverted phase of
output voltage signal.

Let’s introduce a special multiplier G for right side of
equation (28), which is responsible for belonging to one of
the winding connection groups in accordance with clock-
notation rules. Let G =1, if I/I-0, and G =—1, if I/I-6.

Now we can rewrite equation (29) in the form

A-s+A-T,, s
1+B-s+C-s’

W(s)=G (30)

5. Simulation Results Discussing

Mathematical transformations derived for practical use
is recommended to be justified with a simulation study.
Because of this the author has constructed by means of
OrCAD [10] computer models of L-shaped filter and
single-phase transformer. Figure 2 demonstrates electric
circuit-like (upper picture) and of block-diagram type
(lower picture) variants of L-shaped filter models. The
block-diagram type model based on equation (10). The
electric circuit-like model based on Figure 1 scheme.

R1 L1 L2 R2
1>
i {L} {Lload} {Rload}
— 1
{C}
PARAMETERS:
L =0.232m
RI=2m
C=120u R3
Rc = 10m
Lload = 0.04 {Rc}
Rload = 0.9
0]
1
1> =

{1 + (s +HRIN*(1/(114CYs+{Re})+1/({LIoad)*s+{Rload}))}

Figure 2: Computer models of the L-shaped filter designed by means of
OrCAD (electric circuit-like (upper picture) and of block-diagram type
(lower picture))

Figure 3 demonstrates simulated Bode diagram for
both types of computer models of L-shaped filter with the
same parameters: graphs are totally coincide.

Output voltage/
input voltage (p.u.)

o

i\

o ~

00Kz 1.08 108 1008; 1.0%Hz 102Hz 100%Hz Frequency

Figure 3: Simulated Bode diagram for both types of computer models
of L-shaped filter with the same parameters: graphs are coincide

WWww.jenrs.com

Journal of Engineering Research and Sciences, 1(5): 102-108, 2022 106


http://www.jenrs.com/

@3 JENRS

P. Mikhail., Loaded by RL-Branch EMC Filter on the Output

Figure 4 shows simulated response of the L-shaped
filter computer models to the input voltage signal of the
"step" type of 1.0 V amplitude. We can observe minor
discrepancies in the graphs at the end of the transient
process only. For ease of comparison, graph 1 in Figure 4
shown inverted.

Output voltage
2

“I”.q,“iﬂlhl’,mm Lo
I‘ HHWHHHW”}\]IW\“\M\H e

o |} “ U“ﬂH “L H\ ”\M “\ﬂm\'\hnm g T ——
e

-2.0v i
0s 40m: 80m: 120m: 160m: 200m: Time

Figure 4: Simulated response of L-shaped filter computer models to the
input voltage signal of the "step"” type of 1.0 V amplitude. 1 — inversed
output voltage graph for model of electric circuit type . 2 - output
voltage graph for model of block-diagram type

Figure 5 demonstrates the block-diagram type

computer model of the single-phase transformer.

PARAMETERS:

Lioad = {0.2122m}
Rioad = {1.6)

1*Lm*Lloadir woz= {17}
L1={61.577u)

${G"W02/W01*Lm"Rload/r1/( Jps*s
L2 = {61.577u}
1= (6.4m)
12 = {7.427m}

LAPLACE3
£ a
Lm = {0.0246308)

1+ 8(((Lload+(wW02"W02/W01 /W01 *Lm+L2))/(Rload+r2)+(Lm-+L1)/r)+s*s*{(((Lm+L1)" (Lload+(W02"w02/w0 /W0 1*Lm+L2))-w02"W02/WO01/w01*Lm*Lm)/ri/(Rload+r2))}

Figure 5: Block-diagram type computer model of the single-phase
transformer designed by means of OrCAD (LAPLACE block-based
equations (28), (30))

Figure 6 demonstrates the Electric circuit-like computer
model of the single-phase transformer. This model
designed in form of hierarchical block [8, 10].

E;

P e20a_in  e20a_out K

1phase2windingtrans.

{ \ R4 8]

MM 1 vl 2
X 2 ¥ \. (Rioad) {Lioad)
A x2 ¥ \. -

Lial = (61.577u) 0
L2al = {61.577u)

rla = (6.4m}

r2a = (7,427}
wi={13}

w2 ={17}

Lrnain = {0.0246308}
11a0 = {0}

Rmain = {0}

mak = (-1}

imn =42.2}

Figure 6: Electric circuit-like computer model of the single-phase
transformer designed by means of OrCAD (hierarchical block (left) and
it’s internal content (right))

In Figure 7 we can see simulated Bode diagram for both
types of computer models of the single-phase transformer
(I/I-6 or I/I-0) with the same parameters: graphs are

coincide at low and medium frequencies area, but there is
a significant discrepancy at high frequency area.

Comparing the resulting Bode diagrams, we can
assume that models of different types will work equally in
the low and medium frequencies, but in the high
frequency range, the waveforms will differ markedly. This
is exactly what you can see in Figures 8 - 10.

Output voltage/
input voltage (p.u.)

MY 1
K
\
0.8 Y
\
\
/
2

0.6
100mHz 1.08 108: 1008 1. 0KE; 10KH:

100KHz Frequency

Figure 7: Simulated Bode diagram for both types of computer models
of the single-phase transformer (I/I-6 or I/I-0) with the same
parameters: graphs are coincide at low and medium frequencies area,
but there is a significant discrepancy at high frequency area. 1 - graph
for model of block-diagram type; 2 - graph for model of electric circuit

lmt:“ U i ;%UUMU

Figure 8: Simulation results. Transformer (I/I-0) voltages transient. 1 —
input voltage graph. 2 — output voltage graph for model of electric
circuit type. 3 - output voltage graph for block-diagram type computer
model

‘Volage

1.0k7

0.5KV

-0.5%V

-1.0%V
69.2ms 69. €ms 70.0ms 70.4 70.8ms 71.2nms

71.6ms Time

Figure 9: Simulation results. Transformer (I/I-0) voltages at static mode.
1 - input voltage graph. 2 — output voltage graph for model of electric
circuit type. 3 - output voltage graph for block-diagram type computer
model
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Voltage

Kv /R ----------------------- ‘N 7 R //////

AR

&9.2ms 9. ém: 70.0ms 70.4m: 70.8ms 71.2ms 71.6ms Time

Figure 10: Simulation results. Transformer (I/I-6) voltages at static
mode. 1 - input voltage graph. 2 — output voltage graph for model of
electric circuit type. 3 - output voltage graph for block-diagram type

computer model

With a polyharmonic input voltage, the low-frequency
shape of the output voltage envelope is treated the same
by both models. Almost the same amplitude of the output
voltage. But the shape of the output voltage for different
models is different due to the presence of high-frequency
components in the spectrum. Given the shape of input
voltage 1, the shape of the output voltage graph 2 is more
realistic.

6. Conclusion

The derivation of the transfer function of the low pass
L-shaped filter (for example output filter of the
electromagnetic compatibility of the inverter), loaded by
RL-branch, is proposed, which differs by taking into
account the presence of resistances in the longitudinal and
transverse branches of the L-shaped filter.

As a result of the mathematical transformations done,
the transfer function of the transformer was obtained in a
form suitable and convenient for practical use in the
design of automatic control systems in which the control
object (or its component) is an electric transformer. The
transfer function is derived on the basis of the T-shaped
equivalent circuit of the transformer, and takes into
account the presence of resistance in the transformer
windings, the winding connection group.

The adequacy of mathematical transformations for the
derivation of transfer functions is confirmed by the results
of computer simulation using OrCAD. As a result of the
simulation, it was found that the response of the model
based on the transfer function (block-diagram type) in the
high-frequency region visibly differs from the response of
the circuit model. This can lead to distortion of high-
frequency signals and polyharmonic voltage shapes.

The achieved results can be useful in the design of
control systems and their mathematical models for
electrical complexes, which include a sine-wave filter or a
dv/dt filter and electrical transformer.
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